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CONJUGATE OPERATORS FOR FINITE MAXIMAL 
SUBDIAGONAL ALGEBRAS 

NARCISSE RANDRIANANTOANINA 



' Abstract. Let be a von Neumann algebra with a faithful normal trace t, and 

let H°° be a finite, maximal, subdiagonal algebra of A4. Fundamental theorems 
, on conjugate functions for weak*-Dirichlet algebras are shown to be valid for non- 

' commutative . In particular the conjugation operator is shown to be a bounded 

linear map from {A4 , r) into L'p (Ai , r) for 1 < p < cxd , and to be a continuous map 
" from L^{A4, r) into L^'°°{A4, t). We also obtain that if an operator a is such that 

. \a\ log"*" \a\ € L^{M,t) then its conjugate belongs to L^{M,t). Finally, we present 

^w* ' some partial extensions of the classical Szego's theorem to the non-commutative 

■ setting. 

-4— > 



1. INTRODUCTION 

> , 

, The theory of conjugate functions has been a strong motivating force behind various 



aspects of harmonic analysis and abstract analytic function spaces. This theory 



i/-^ ■ which was originally developed for functions in the circle group T has found many 

^ ' generalizations to more abstract settings such as Dirichlet algebras in and weak*- 



■ Dirichlet algebras in [lT[. Results from this theory have been proven to be very 



fH , fruitful for studying Banach space properties of the Hardy spaces (and their relatives) 

associated with the algebra involved (see for instance |0] and |T^). 

Let be a von Neumann algebra with a faithful, normal finite trace r. Arve- 
son introduced in [|I|, as non-commutative analogues of weak*-Dirichlet algebras, the 
notion of finite, maximal subdiagonal algebras of M. (see definition below). Sub- 
sequently several authors studied the (non-commutative) if^-spaces associated with 
such algebras (|1^, fl^) fill) @1) 0)- 1113' notion of harmonic conjugates 



was introduced for maximal subdiagonal algebras generalizing the notion of conju- 
gate functions for weak*-Dirichlet algebras and it was proved that the operation of 
conjugation is bounded in L^(7W, r). 
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The main objective of this paper is to combine the spirit of |11] with that of 



T7| to get a more constructive definition of conjugate operators for the setting of 



non-commutative maximal subdiagonal algebras; and to study different properties of 
conjugations for these non-commutative settings. We prove that most fundamental 
theorems on conjugate operation on Hardy spaces associated with weak*-Dirichlet 
(see 1^ and fill]) remain valid for Hardy spaces associated with finite subdiagonal 
algebras. In particular, we show that the conjugation operator is a bounded map 
from LP{M,t) into U'{M,t) for 1 < p < oo, and from L^{M,t) into V-'°^{M,t). 
We conlude that, as in commutative case, (non-commutative) is a complemented 
subspace of Wi^M., r) for 1 < p < oo. 

Many results in harmonic analysis can be deduced from the classical Szego's the- 
orem. This very classical fact, although is valid for the more abstract setting of 
weak*-Dirichlet algebras, is still unknown for the non-commutative case. The last 
part of this paper is devoted to various results related to Szego's theorem. 

We refer to |]l9l, ||2^ and ||2^ for general information concerning von Neumann 
algebras as well as basic notions of non-commutative integration, to and |16| for 
Banach space theory and to and for basic definitions from harmonic analysis. 



2. Definitions and preliminary results 

Throughout, H will denote a Hilbert space and Ai C C{H) a von Neumann algebra 
with a normal, faithful finite trace r. A closed densely defined operator a in if is 
said to be affiliated with M. if u*au = a for all unitary u in the commutant Ai' of 
A4. If a is a densely defined self-adjoint operator on H, and if a = srfe^ is its 
spectral decomposition, then for any Borel subset 5 C M, we denote by XB{ci) the 
corresponding spectral projection XB{s)de'^. A closed densely defined operator 
on H affiliated with A4 is said to be r-measurable if there exists a number s > such 

that r(x(s,oo)(|a|)) < oo. 

The set of all r-measurable operators will be denoted by Ai. The set Ai is a *- 
algebra with respect to the strong sum, the strong product, and the adjoint operation 
. For X & Ai, the generalized singular value function /i(x) of x is defined by 

l^tix) = inf{s > : r(x(s,oo)(k|)) < t}, for t > 0. 

The function t fit{x) from (0,r(/)) to [0, oo) is right continuous, non-increasing 
and is the inverse of the distribution function X{x), where Xs{x) = T{xis,oo){\x\)), for 
s > 0. For a complete study of /i(.) and A(.) we refer to 0. 



[ 
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Definition 1. Let E be an order continuous rearrangement invariant (quasi-) Ba- 
nach function space on (0,r(/)). We define the symmetric space E{A4,t) of mea- 
surable operators by setting: 

E{M,T) = {xeM ; fi{x) e E} and 
\\x\\e{m,t) = \\fxix)\\E, forx e E{M,t). 

It is well known that E{Ai, r) is a Banacli space (resp. quasi-Banach space) if is a 
Banach space (resp. quasi-Banach space), and that ii E = Lp(0, t(/)), for < p < cxd, 
then E{J\4,t) coincides with the usual non-commutative L^-space associated with 
{A4, t). We refer to P], and for more detailed discussions about these spaces. 



For simplicity we will always assume that the trace r is normalized. 
The following definition isolates the main topic of this paper. 

Definition 2. Let H°° be a weak*-closed unital subalgebra of A4 and let ^ be a 

faithful, normal expectation from M. onto the diagonal D = H°° fl {H°°)* , where 
{H°°)* = {x*, X G H°°}. Then H°° is called a finite, maximal, subdiagonal algebra 
in M. with respect to $ and r if: 

(1) H°° + {H°°)* is weak*-dense in M; 

(2) $(a6) = ^{a)^{b) for all a,b e ; 

(3) is maximal among those subalgebras satisfying (1) and (2); 

(4) r o $ = r. 

For < p < oo, the closure of in L^(A^,r) is denoted by H^{M.,t) (or 
simply ifP) and is called the Hardy space associated with the subdiagonal algebra 
H°°. Similarly, the closure of = {x e H"^; $(a;) = 0} is denoted by ifg. 

Note that $ extends to L'^{A4,t) and this extension is an orthogonal projection 
from L^(A^,r) onto [D]2, the closure of D in L^(A^,r). Similarly, since ||$(a;)||i < 
||x||i for every x G A4, the operator $ extends uniquely to a projection of norm one 
from L^{A4,t) onto [D]i, the closure of D in L^{J\4,t). 



3. Harmonic conjugates 

Let A = + (if°°)*. Since A is weak*-dense in A^, it is norm dense in L^{M, r), 
where 1 < p < oo. 

Note that H°° and (H^)* are orthogonal in L'^{A4,t). This fact implies that 
L\M, t) = H^® {Hl)\ and hence that L''{M, r) = Hi © {Hlf © [D]2. 

Let a & A. Then a can be written as oi + + where oi and 02 belong to H'^ 
and de D. In fact, a = 61 + 62 with 61, 62 e and set d = $(61) + $(63) e D and 
ai = hi - ^{bi), for i = 1,2. 
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Since and (H^)* are orthogonal subsets of L^(A^,r), this decomposition is 
unique. For u = Ui + U2 + d in A , we define u = — iui. Then u E M. and 
u + iu = 2ui + (i G H°°. The operator u will be called the conjugate of u. 

Our main goal is to study the operation that takes u E A into u E A4 as linear 
operator between non-commutative L^-spaces. In particular we will extend "~" to 
L^(A^,r) for 1 < p < 00. It should be noted that if A4 is commutative, then the 
above definition coincides with the the definition of conjugate functions for weak*- 
Dirichlet algebras studied in [ pJ]] . 

Remark 1. (i) = 0, for all u e A. 

(ii) If u = u* , then the uniqueness of the decomposition implies that ui = U2 and 
d = d* . Therefore if u = u* then u = u* . 

(iii) For u = U1 + U2 + d E A and u = i{u2 — ui), the above observation implies that 
U2 ± ui in L'^{M, t), so 

II ~ll2 II * ||2 II *||2 I II ||2 

\M2 = IF2 - W1II2 = IIW2II2 + IFi||2> 

and since L'^{M, t) = ® {Hi)* © [D]2 we get, 

= \WA\l + IIW2II2 + 
which implies that \\u\\2 < \\u\\2- 

As a consequence of (iii), we get the following theorem: 

Theorem 1. There is a unique continuous linear map '~" from L'^{/A,t) into 
L'^{M., t) that coincides with in A. This map is of norm 1, and ifuE L'^{A4, r) 
then u + iu E . 



We remark that Marsalli has recently proved a version of Theorem 1 (see [T^ 
Corollary 10): he showed that the conjugation operator is bounded in L^(A^, r) with 
bound less than or equal to \/2. 

Extension of the operator "~" to L*'(A^,r), 1 <p < 00. 

In this section, we will extend Theorem 1 from p = 2 to all p with 1 < p < 00. 

The following elementary lemma will be used in the sequel; we will include its proof 
for completeness. 

Lemma 1. Let m G N and a-i.ao, ■ ■ ■ E Ai. /f — + — + ... H — — = 1, and 

aj E L^^{Ai, r) for each j < m, then 

\T{aia2...am)\ < 'n:'JLi\\aj\\py 

Proof. Recall that, for a,b E Ai, the operator a is said to be submajorided by b and 
write a -<-< b if 



/ fit{a)dt < / fit{b)dt, for all a > 0. 
Jo Jo 
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The lemma will be proved inductively on m G N: 
For m = 2, it is the usual Holder's inequality. 

Let j; + ^ = I and 6, c G A^. Then ||6c||r. < ||6||p ■ \\c\\q: this is a consequence of the 
fact g Theorem 4.2 (iii)] that /ij )(6c) /i{ ^(c) for all / G N. So 



then apply the usual Holder's inequality for functions. 

Now assume that the lemma is valid for m = 1, 2, . . . , /c. Let ai, 02, . . . , Ofc, au+i G 

AT and — + — H h — + — = 1. Choose q such that ^ = — + — . Then 

pi P2 Pfc Pfc+1 ^ g Pfe Pfe+i 

r(ai . . . afc_i ■ (0^0^+1)) < n. 

=1 ll'^jllpj ' ll'^fc'^fc+illq 

<nf+ia,i|,^. 

The proof is complete. □ 



Theorem 2. For each 1 < p < 00, there is a unique continuous linear extension 
of '~" from U'{M.,t) into U'{M.,t) with the property that f + if & for all 
f G L^{Ai,T). Moreover there is a constant Cp such that 

||/||p<C7,||/||, forallfeL\M,r). 

Proof. Our proof follows Devinatz's argument ([Q) for Dirichlet algebras, but at 
number of points, certain non-trivial adjustments have to be made to fit the non- 
commutative setting. 

Let u G ^ be nonzero and self-adjoint; u is self-adjoint. Let g = u -\- iu E H°°. 
Since -u = m*, it is of the form u = a + a* + d, where a G and d = d* E D. Recall 
that u = i{a* — a) so g = 2a + d e H°°. We get that 

$(/'^) = $((2a + df^) = [2$(a) + = ^df\ 

So + iuY^) = and taking the adjoint, $((-u - iuy^) = $((i)^*'. Adding 

these two equalities, we get 

(3.1) + tu)''^ + {u- tuy"] = 2^dyK 

Now we will expand the operators {u + iu)^^ and {u — iu)"^^. Note that u and u do 
not necessarily commute. 

For 2 < m < 2k, let = {{r,, rs, . . . , r^) G {1, . . . , 2A; - 1}-; ZT=i = 2k} 
and set S = U2<m<2k<Sm- For a finite sequence of integers r = (ri, r2, . . . , r^), we set 
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^i''") = Z]j=f ^ Then 

{u + zuf' = u^' + + (^''' ('^y • • • ) + {{tuY'u''' ...) 

(ri,... ,rm)eS 
(ri,... ,rm)&S 

Similarly, 

(ri,... ,r,„)G5 

If /C = {r = (ri, ra, . . . , r2„^) G 5; s(r) G 2N}, then 

rG/C 

SO from ( |3.1| ), we get 

re/C 

This implies 

Taking the trace on both sides, 

\r{u^'')\ < |r(rf2^)| + \r{u^'')\ + J2 kK'"'' •••)! + \r{uV . . . )|- 

re/C 

Applying Lemma 1, with ^ = for every r = (ri, r2, . . . , r^) G JC, we get 

|r(s^^)| < \T{d'')\ + Mil + . . . ) + (MllMii ...). 

reK. 

We observe that by the definition of /C, 

ll«ll2' + E(ll«ll2iNIS---) + (ll^ll2^ll«IIS---) 

rG/C 

is equal to the sum of the terms of the expansion of (||M||2fc + ||tt||2/c)^^ with ||it||2A; of 
even exponents between 2 and 2k — 2, i.e., 

reK. 
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Since u is self-adjoint, t{u^^) = \\u\\ll and hence, 

11-11^^ < \\d\\lt + 11-11^^ + (2^) \\u\\lM\lt'' + ■■■+ [2- 2) 

and since ||c?||2^ < ||w||2fc) "we have 

Il7}||2^ < 2ll7yl|2^+ r^^YlwII^ \\vf'^^^^^ + ---+( Yl7/f(^"^^ll7yl|2 
Divide both sides by WuW^ and set Xq = 11^112^/11^112/;, we have 

xS" - ('2*) 4"=-" - ('*)a1"-^' - ... - 2 < 0. 

Hence, Xq is less than or equal to the largest real root of the polynomial equation 

^2fc _ ^k'\^x2(k-l) _ Qfc^^2(fc-2) 2 = 0. 

If the largest root is K2k, we have 

||^t||2fc < K2k\\u\\2k- 

Using Minkowski's inequality, we conclude that for every f E A (not necessarily self 
adjoint), we have 

\\fhk<2K2k\\fhk. 

Since A is dense in L?^{M., r), the inequality above shows that "~" can be extended 
as a bounded linear operator from L'^^{Ai, r) into L'^^{A4, r), so the theorem is proved 
for p even. 

For the general case, let 2 < p < 00. Choose k such that 2k < p < 2k + 2. By 
Pl (Theorem 2.3), U'{M.,t) can be realized as a complex interpolation of the pair 
(L^''(A^, r), L^^+2(7\/i, r)), and we conclude that "~" is also bounded from Lp{M, t) 
into Lp{M,t). 

For 1 < p < 2, from the above case, "~" is bounded from L'^{A4, r) into L'^{A4, r), 
where ^ + ^ = 1, and we claim that as in the commutative case, (~)* = — (~). 



p q 

To see this, let u and v be self adjoint elements of A; we have 

^{{u + iu){v + iv)) = $(u + iu) ■ ^{v + iv) = ^{u)^{v), 
which implies that 

^{uv + iuv + iuv — uv) = ^{uv — uv) + i^{uv + uv) = $(M)$(f ), 

so 

t{uv — uv) + iriuv + uv) = r($('u)$(t>)). 
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Since and are self-adjoint, r(<l>(M)$(t>)) G M, and also t(uv — uv) and 

tIwv + uv) G M. This implies t{uv + ttf) = and t{uv) = —t{uv). The proof is 
complete. □ 

Extension of the operator "~" to L^(A^,r). 

The following lemma is probably known but we will include its proof for the con- 
venience of the reader. 

Lemma 2. For u & A4, u > 0, let f = u + iu and < e < 1. 

(1) I + ef has bounded inverse with + < 1. 

(2) f^=(eI + f)iI + ef)-^eH^. 

(3) Re if,) > el. 

(4) lim,^o||/.-/llp = (l<p<oc). 

Proof. (1) Note that / is densely defined and that, for every x G D{f), 

((/ + ef)x, x) = ((/ + eu)x, x) + i{ux, x). 

Thus \ + ef)x, x)\ > llxp, which implies 

+ > ||a;|| for all a; G £>(/). 

So / + e/ is one-to-one; now for every y G R{I + ef) define (/ + ef)^^y to be the 
unique element such that (/ + sf){{I + ef)^^y) = y. Then (J + ef)~^ is linear and, 
for every y G R{I + ef), we have ||(/ + ef)^^y\\ < \\y\\. We claim that R{I + ef) 
is dense in H. For this, note that (using similar estimate), / + ef* is one-to-one; if 
z ± R{I + ef) then x {z, (J + ef)x) = is continuous so 2; G D{I + ef*) with 
((/ -I- ef*)z,x) = for every x G D{I + ef) so z = 0. Hence (/ + ef)^^ can be 
extended bounded operator of norm < 1. 

(2) To prove that fe G H°°, note that (I + ef)-'^ G M with inverse (I + ef) G H'^. 
In particular, the inverse of (J + ef)~^ lies in L^(A^,r), so from Proposition 1.2 of 
p8| (see also Proposition 1 of |^), there exists a unitary operator a G and an 
operator b G H'^ such that (/ + e/)"^ = afe. Thus a*(/ + e/)"^ = 6 G and 
since 1 + ef e H'^, we have a* = b{I + ef) G H'^, so a* G i?^ fl which implies 
a* G Now a is unitary, that is, aa* = a*a = I (i.e a* = a~^), and H°° is 

a Banach algebra, so a = {a*)~^ G implies (1 + ef)~^ = ab E H°°. Hence 
fir = {el + /)(/ + ef)~^ G for every p > 1, so if we can show that f^ E M., the 
proof is complete. That fe^M. can be seen as follows: 

f^ = e{I + ef)-' + f{I + ef)-'; 

but / = (/ + ef){I + ef)'^ = {I + ef)-^ + ef{I + ef)-^ and (/ + ef)-^ G M, so 
ef{I + G M, implying /(/ + e/)-! G A^. 
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(3) Re (/,) = Re {{el + /)(/ + ef)-') = Re {[{el + e'f) + (1 - e')f)] {I + ef)-') = 
el + {1 — e^) Re (/(/ + ef ) Since we assume that £ < 1, it is enough to show that 
Re (/(/ + £/)-!) > 0. For this 

Re (/(/ + ef)-') = I (/(/ + ef)~' + (J + efT'f*) 

= i(/ + efT' {{I + eDf + /*(/ + ef)) {I + ef)'' 

= \{I + ef*)-' (2 Re (/) + 2e\f\^) {I + ef)-' > 0. 



(4) We have for every e > 0, 

f^-f = {eI + f){I + ef)-'-f 

= {{eI + f)-f{I + ef)){I + ef)-' 
= e{I + f^){I + ef)~\ 

so 

Me - /) efit{I + f')M{I + ef)-'). 
Since ||(/ + ef)-'\\ < 1, we get fit{{I + ef)-') < 1 for every t > 0. Also I + e 
IJ'{M,t) for every p > 1, so - /||p < + /^||p ^ (as £ 0). The proof is 
complete. □ 

Proposition 1. Let u E Ai with u > 0, and set f = u + iu. There exists a constant 
K (independent of u) such that, for every s > 0, 



r 



{Xis,oo){\f\)) < K'- 



Proof. We follow (at least in spirit) the argument of Helson in []T0| for the commuta- 
tive case. 

Let u and / be as in the statement of the proposition, and fix < £ < 1. Set 
as in Lemma 2. For s G (0, oo) fixed, consider the following transformation on 
{z]Re{z) > 0}: 

As{z) = 1 + - — - for all z G {w, Re {w) > 0}. 

z + s 

It can be checked that the part of the plane {z; \z\ > s} is mapped to the half disk 
{w; Re {w) > 1}; this fact is very crusial in the argument of [T^ for the commutative 
case. Although we are unable to verify this fact through functional calculus, one can 
still recapture its consequences by taking the trace in every step. 

Note that cr{fe) is a compact subset of {z; Re {z) > e}. By the analytic functional 
calculus for Banach algebras, 

As{fe) =I+{fe- Sl){fe + sI)'' G 
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and therefore (since As is analytic) 

(3.2) HMfs)) = Asim))- 



Claim 1. $(/e) = $(u),. 

In fact A = (£/ + /)(/ + £/)-! e and /.-(/ + £/) = £/ + /, so $(/,)$(/ + £/) = 
$(e/ + /). But $(/) = $(m), so we get ^{fs){I + e^{u)) = £/ + $(«), and the claim 
follows. 

Claim 2. Re (/ + (/^ - sJ)(/, + sl)-^) > 0. 
For this we have 

Re (/ + (/, - sl){f, + si)-') = / + !((/,- sl){f, + si)-' + if: + sl)-\f: - si)) 

= I + i(/; + si)-' ((/; + si){fs - si) + (/; - s/)(/, + si)) (/, + si)-' 

= I+{f; + sI)-'{\M'-s'l) ifs + sl)-' 

= (/; + si)-' ((/; + si){f, + si) + \f.f - s'l) (/, + si)-' 

= 2if: + si)-' + s Re /,) (A + si)-', 

and the claim follows from the fact that Re (f^) > el. 

Note that since <I>(u) is self-adjoint, so are ^{u)s and As{^{u)s)- We conclude from 
(13:^ ) that r (/ + ($(u), - sl){^{u)s + si)'') E M, and therefore 

(3.3) T{l + Reiife-sI)ife + sI)-'))=riAsmu)e)). 

To prove the proposition, let P = X(s,oo)(|/e|)- The projection P commutes with 
I /el and we have 

Re [/ + (/, - sl)if, + si)-'] = if: + si)-' [2|/,|2 + 2s Re (/,)] (/, + si)-'; 
but since Re (/e) > el, we get 

2|/,|2 + 2sRe(/,) >2|/,|2 + 2s£J, 

and hence 

(3.4) r [Re (/ + (/, - sl){f, + si)-')] > r [{2\f,\' + 2sel){f, + sl)-'{f: + si)"'] . 

Lemma 3. Let a and b be operators in M. with a > 0, 6 > 0, and let P be a projection 
that commutes with a. Then r^ab) > T{P{ab)P). 
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To see this, notice that, since P commutes with a, PaP < a, so h^/'^PaPh^/'^ < 
h^/^ah^'^, implying that T{b^/^PaPb^/^) < T{b^/^ab^/^) and 

T{P{ab)P) = T{P{ab)) 

= T{PaPb) = Tib'/^PaPb^'^) 

< Tib^'^ab"'^) = T{ab). 

The lemma is proved. 

Applying Lemma 3 for a = 2|/e| + 2sel and b = {fs + + sl)~^, we obtain 

(3.5) 

r [Re (J + (A - + si)-')] > r[(2P|/,|2 + 2seP)if, + sl)-\f: + sI)-\ 

Note that {f^+sl)-\f;+sl)-' = (l/.p + 2s Re (/,) + s^I)'' and |/,|2+2s Re (/,) + 
s'I<\M' + 2s\M + s^I. 

Lemma 4. Let A, B, C he positive operators such that 

(i) A^' and B^' exists, and 

(ii) A<B. 

Then t{CB~') < t{CA-'). 

To prove this lemma, observe that t(CB^') = r^aP), where a = C'^'^B^'A'^'^ and 
(3 = ^-1/2^-1/2, By H61der's inequality, 

t{CB-') < r(|anV2^(|^|2)i/2 ^ ^^^*^y/2 ^ ^^^^*y/2^^^* 

= t{C'/^B-'A''^A'/^B-'C'/^)'/^ ^(^1/2^-1/2^-1/2^1/2^1/2 

= T{C'/^B-'AB-'C''^f'^ r{CA-'Y/\ 

But since A < 5, we get ^1/25-1(^)5-1(71/2 < ^i/2^-i(-ri/2^ therefore 

r{CB-') < t{CB-')'^^t{CA-')'^^ 

which shows that t{CB^') < t{CA^'). The proof of Lemma 4 is complete. 
Applying Lemma 4 to 

A = u: + si)Ue + si), 

B=\h\' + 2s\f,\ + s'l 

and 

C = 2\f,\^P + 2seP, 

We obtain from ( p.5|) that 

r [Re (/ + (/, - sl){h + si)-')] > riCA-') > r{CB-') 



12 NARCISSE RANDRIANANTOANINA 

and hence 

r [Re (/ + (/, - sl){fs + si)-')] > r [(2|/,pP + 2seP)m' + s\M + s'l)-'] . 
Since lApP > s^P, we get that 
(3.6) 

T [Re (J + (A - sl)ifs + si)-')] > T [P(| + 2sel + s'l)i\M' + 2s\M + s'l)-'] . 
If we denote by i?'-^^' the spectral decomposition of \fs\, then 

Pd/.r + 2sel + s^mff + + s'l)-' = 'IXf^^l'^, dE\/^y 

Let 

, t^ + 2se + s^ „ ^ . , 

^-'-(^^ = t- + 2st + s^ for^^t^'^)- 

One can show that ip^^s attains its (unique) minimum at to = ^ + V^"^ + £s + s^, and 
therefore that 

°°t^ + 2se + s^ ,^|.| , , 
t^ + 2st + s^ * - ^ ^ 
so we deduce from ( |3.6|) that 

r [Re (/ + (/, - sl){fs + si)-')] > 7A,,,(to)r(P). 

To finish the proof, recall from ( p.3| ) that 

r [Re (/ + (/, - s/)(/, + s/)-^)] = r [/ + ($(m), - sJ) ($(«), + si)-'] , 

so 

r(P) < [I + ($(n), - sl)mu), + ./)-!] 

^ -r[2<l>{u),{<l>{u), + sl)-']. 



i^eA^o) 

But ($(n)e + si)-' = ^(^^ + /)"^ has norm < 1/s, hence 

r(P) < 

Now taking e ^ 0, we get \\ue\\i — ^ and t(P) — > t(x(s^oo)(|/|))- Note that 



, , , + 3£s + 2s^ + 2e^e^ + es + 

V^e,s(io) 



2^2 + + 2s2 + 2s(l + £)Vi2+II+s2 

so lime^o^e,s(io) = 1/2. 

Hence t(x(s_oo)(|/|)) < 4 HmHi/s. The proof is complete. □ 
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Recall that L^'°°{M,t) = {a G M; sup^^Q t/Li((a) < oo}. 

Set ||a||i,oo = ^'^Pt>o^l^t{0') a G L^'°°(A^,r). As in the commutative case, ||.||i,oo 
is equivalent to a quasinorm in L^'°°{A4, r), so there is a fixed constant C such that, 
for every a, 6 G L^'°°{M, r), we have \\a + 6||i,oo < C'(||a||i,oo + ||^'||i,oo)- 

For u E M,\et Tu — u + iu. Prom Theorem 1, T is hnear and Proposition 1 can 
be restated as follows: 

Por any u E M. with u > 0, we have ||T'ii||i,oo < 

this implies that for > 0, 

\\u\\i,oo<CiA+l)\\u\U = 5C\\u\U. 
Now suppose that u G M., u — u* , u — u+ — and u — u+ — U-. Then 

\\u\\\,<x> < C'(||lt+||i,oo + ||lt-||l,oo) < 5C^||w||i. 

Similarly, if we require only u E A4, we have u — Re{u) +i Im (u) and by linearity, 
u — Re{u) + ilm{u), and as above, 

||m||i,oo < ioc^||-u||i. 

Wc are now ready to extend "~" in L^{A4,t): If m G L^{A4,t), let (M„)neN be a 
sequence in A4 such that ||m — — > as n — oo. Then 

W^n ~ ^^mllljOO ^ lOC^IjUn — MtoIIi, 

and since ||Mn~'Wm||i as n,m ^ oo, the sequence {un)n converges in L^'°°(Ai,T) 
to an operator u. This defines u for u G L^{Ai,T). This definition can be easily 
checked to be independent of the sequence {un)n and agree with the conjugation 
operator defined for p > 1. 

Letting n — > oo in the inequality ||'U„||i,oo < 10C^||u„||i, we obtain the following 
theorem {H^'°° denotes the closure of H°° in L^'°°{A4,t)): 

Theorem 3. There is a unique extension of "~" from L^{M.,t) into L^'^{M.,t) 
with the following property: u + iu E H^'°° for all u E L^(A1,t); and there is a 
constant K such that \\u^i,oo < -^ll'^lli for all u E L?-{AiiT). 

CoroUctry 1. For any p with < p < 1 there exists a constant Kp such that 

\\u^p ^ Kp^u^i for all u E L^{A4,t). 

Proof. It is enough to show that such a constant exists ior u E M., u > 0. Recall 
that ioT u E A4, the distribution Xs{u) equals T{x{s,oo)iu))- 



14 NARCISSE RANDRIANANTOANINA 

Let F{s) = 1 — Xs{u) = t{x(o,s){u)). Assume that ||n||i < 1. From proposition 1, 

4 4 
1 - F(s) < -\\u\\i < -. 

s s 

Note that F is a non- increasing right continuous function and for p > 0, 

t{\u\p) = / fxti\u\ydt = / sPdF{s) < 1 + / 
Jo Jo Jl 

If A is a point of continuity for F{A > 1), then 

/A pA 
sPdF{s) = - l)]t+p y (1 - F{s))sP-^ds. 

Since 1 - F{s) < f , we get that both [sP{F{s) - 1)]^^ and - F{s))sP-^ds are 
bounded for < p < 1, that is, fiti\u\ydt has bound independent of u. □ 

The Riesz projection TZ can now be defined as in the commutative case: for 
every a G Lp{M, r), (1 < p < oo), 

7^(a) = ^(a + m + $(a)). 

From Theorem 2, one can easily verify that 7^ is a bounded projection from 
Lp{A4,t) onto for 1 < p < oo. In particular is a complemented subspace 
of Lp{M.,t). For p = 1, Theorem 3 shows that TZ is bounded from L^{Ai,T) into 

Our next result gives a sufficient condition on an operator a G L^{Ai,T) so that 
its conjugate a G L^(A1, r). 

Theorem 4. There exists a constant K such that for every a E M., 

\\d\\i <KT{\a\\og^\a\) + K. 

Proof. Since our proof of Theorem 2 follows the same line of argument as in |^ , one 
can deduce as in ||11|| (Corollary 2h) that there is an absolute constant C such that 
\\d\\p < C'mIIqIIp for all a G U'i^M., r), 1 < p < oo and = 1- The conclusion 

of the theorem can be deduced as a straightforward adjustment of the commutative 
case in |2^(vol .II, p. 119); we will present it here for completeness. 

Let a G A^; we will assume first that a > 0. Let {et)t be the spectral decomposition 
of a. For each G N, let Pk = X[2fc~i,2fc)(c^) be the spectral projection relative to 
[2*^"-^, 2'^). Define = aPk for A; > 1 and qq = ax[o,i){cL)- Clearly a = Yl^^Qttk 
in LP{Ai,T) for every 1 < p < oo. By linearity, d = YlT=odk- For every G N, 
< \\dk\\p < Cp^{p - l)""^||aA,.||p. Since < 2^Pk, we get for 1 < p < 2, 

||afc||i<4C^2V(Pfc)i. 
p — I 
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If we set p = 1 + TTT = ^iPk), we have 



fc+i 



\hkh<4C{k + l)2'e^+' 



Taking the summation over k, 

°° k+i 
Ml < 5^4C(A; + l)2'ep. 

fc=0 

We note as in |25| that if J = {fc G N; < 3'''} then 

J2 ^Cik + 1)2\|^ < J2 ^Cik + 1)2^{3~^)'^ = a<oo. 

keJ k=0 

On the other hand, for A; G N \ J, e^+^ < e^.S^+a < /3efe where (3 = sup^S^+a. So we 
get 

oo 

||a||i < a + 4C/3^(A; + l)2'^efc 

k=0 

<a + 4C/3(eo + 4ei) + 4C/3 ^(fc + 1)2^6^. 



k>2 

Since for k > 2, k + 1 < 3{k + 1), we get 

||a||i <a + 16C/5 + 24C/3 ^(A; - l)2''-^ek. 

k>2 

To complete the proof, notice that for k > 2, 

{k - l)2''-\ = {k- 1)2^-1 driet) 

< r ^ *(^.)- 

Jafc-i log 2 

Hence by setting Ki = max{a; + 16C/3, 2AC[3 / log 2}, we get: 

||a||i < i^i + KiT (alog+(a)) . 

Now for a general element 6 G A^, we decompose b as b = (6^'' — b^}^) + i{b^^^ — fe^"*) 
where b^^ and b^^ are positive operators for i = 1,2. One can easily verify that 
||5||i <K + KT{\b\ log+(|6|)) where K = AKi. The proof is complete. □ 

Remark 2. From Theorem 4, one can deduce that if a & L^{Ai,T) is such that 
|a|log^(|a|) belongs to L^{M,t) then d e L^{M,t). 
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4. Remarks on Szego's theorem 

Szego's theorem plays a very important role in theory of weak*-Dirichlet algebras. 
It is still unknown if it has an extension in the context of subdiagonal algebras. In 
this section, we discuss different forms of possible extensions of Szego's theorem. 

Proposition 2. If a and belong to H°° , then 

inf{r(|a*n/-/r); f e H^] = rma)\% 

Proof. Let 6 = $(a) and p = I — ba^^. We will equip Ai with the following scalar 
product by setting for every x,y E A4, 

{x,y) = T{\a*\'^y*x). 

One can easily verify, since a is invertible, that Ai with (. , .) is a pre-Hilbertian. We 
denote the completion of this space by L'^{Ai, Let B be the closure of in 

the space L'^{Ai, We claim that p is the projection of I into B. 

First we will show that p G (and thus p G B): clearly p G also = 
/ — 6$(a"^) and since both a and belong to H°°, I = $(aa~^) = $(a).$(a~^) so 
$(a~^) = b^^ which implies that = 0. 

To prove the claim it is enough to check that I — p = ba^^ _L for (.,.): for 
/ G H^, we have 

{f,I-p) = ri\a*\\ba-'rf) 

= Tiaa*i{a-'yb*)f) 
= r{ab*f) 

and since b e D, ab* G H°° so T{ab*f) = 0. 

To complete the proof of the theorem, note that dist(/,i?) = ||/ — p\\L2(^\a*\^) so 
inf {||J - /||i2(|„.|2); f e B} = \ \I - P\\L2{\a-\2) i.e 

inf {r(|a*n/ - /H; / G H^} = Ti\ar\ba''\') = ri\b\'). 
The proof is complete. □ 

Remark 3. Using similar argument as above with p = I — a^^b and the Hilbert space 
defined by {x,y) = T{\a\^xy*), one can deduce the following identity: 



inf{r(|an/-rr); f e H^} = r{\<!>{ 



We remark also that if f G is such that v = v* then there exists a G H°° with 
G H°° satisfying |a*p = e^; in fact for such v, e^/^ is invertible in A4. Apply |21 



v/2 



(Proposition 1) to get operators a G and u unitary in Ai such that au = e 
Since u and e^/^ are invertible, it is clear that a is invertible. The fact that |a*P = 
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is immediate. Similarly, an operator b G with G H°° can also be choosen so 
that |6p = e". 

Proposition 3. Let h E Ai, h > and log{h) exists then 

exp(r(log(/i))) > inf {r(/ie^'=0; f ^ M, r(/) = O} . 

The proof of Proposition 3 is based on the following simple extension of the usual 
Jensen's inequality: 

Lemma 5. Let h G M, h > then r(log(/i)) < log(r(/i)). 

Proof. Let ip : [0, oo) — > M defined by ip{x) = log(x + l). The function ip is continuous, 
increasing and ip{0) = 0. We get from ^ (Corollary 2.8) and the usual Jensen's 
inequality for functions that 

r(log(/i + J))= / /Xi(log(/i) + /) dt 
Jo 

= I \og{^lt{h) + 1) dt 
Jo 

< log (^j^ fit{h) dt + 1^ 

= log(r(/i + /)). 

So we have r(log(/i + /)) < log(r(/i + /)). Fix e > 0. Applying the same inequality 
for h/e, we get 

T{\og{h/e + I)< log {T{h/e) + 1) 
r(log(/i + el) - (loge)/) < log (r(/i + el)) - \oge 
r(log(/i + el)) < log (r(/i) + e) . 

By letting £ — > 0, the desired inequality follows. The lemma is proved. □ 

Proof of Proposition 3. Let g E A4 such that g = g*, g commutes with h and 
T{g) = 0. Applying Lemma 5 to the operator he^, we have exp (log(/i)) < T{he^) and 
therefore, 

exp (r(log(/;.))) < inf {r^he^); g = g*,g commutes with h, r^g) = 0} . 

Let A = r(log(/i)) and g = XI — \og{h). Clearly g = g*, g commutes with h and 
T{g) = and it is easy to check that T{he^) = exp (r(log(/i))) so the inequality above 
is in fact an equality i.e 

exp (r(log(/i))) = inf {r(/ie^); g = g*,g commutes with h,T{g) = 0} . 
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This implies that 

exp (r(log(/i))) > inf {r(/ie^); g = g\ T{g) = 0} . 

The proof is complete. □ 
The above proposition leads to the following question: li h & H°°, is it true that 
exp(r(log \h\)) > |t(/i)| ? This inequality is known as Jensen's inequality for H°°. 

Remark 4. /n characterization of real functions in L^(T) that have rearrangem- 
ment in Reifo(T) were given (see also for another proof). The same character- 
ization was shown to be true for the weak*-Dirichlet algebra setting in [|15]. It would 



be interesting to know if such characterization holds for the non- commutative case. 
We note that the proofs given in [|12] and [|I^ made use of Szegd's theorem in a very 



crusial way. 
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